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Abstract
We consider an inflationary scenario in the holographic braneworld with a cosmo-
logical fluid occupying the 3+1 dimensional brane located at the holographic boundary
of an asymptotic ADS5 bulk. The contribution of the boundary conformal field can
be represented as a modification of Einstein’s equations on the boundary. Using these
effective Einstein equations we calculate the cosmological perturbations and derive the
corresponding power spectra assuming a general k-essence type of inflaton. We find
that the braneworld scenario affects the scalar power spectrum only in the speed of
sound dependence on the slow-roll parameters whereas there is no change in the tensor
power spectrum. This implies that the changes in the spectral indices appear at the
second order in the slow-roll parameter expansion.
1 Introduction
The anti-de Sitter/conformal field theory (AdS/CFT) correspondence [1, 2, 3] goes beyond
pure string theory and links many important theoretical and phenomenological issues. In
particular, a simple physically relevant model related to AdS/CFT is the Randall-Sundrum
(RS) braneworld model [4, 5] and its cosmological applications. In the braneworld scheme,
the RS brane provides a cutoff regularization for the infrared divergences of the on shell bulk
action [6, 7, 8, 9, 10, 11, 12, 13]. A related scheme is based on the holographic braneworld
scenario [14, 15, 16, 17] in which the cosmology is derived from the effective four-dimensional
Einstein equations on the holographic boundary of AdS5.
In a braneworld scenario, matter is confined on a brane moving in the higher dimen-
sional bulk, with only gravity allowed to propagate in the bulk [18, 19, 20]. If the brane is
∗nicolas.bertini@cosmo-ufes.org
†bilic@irb.hr
‡davi.rodrigues@cosmo-ufes.org
1
located at the boundary of a 5-dimensional asymptotically AdS space-time, we refer to this
type of braneworld as the holographic braneworld [14, 15]. In the study of the holographic
braneworld, a crucial property of an asymptotically AdS bulk is that AdS space is dual to a
conformal field theory at its boundary. A connection between AdS/CFT correspondence and
cosmology has been studied in a different approach based on a holographic renormalization
group flows in quantum field theory [21, 22].
The holographic cosmology has a property that the universe evolution starts from a point
at which the energy density and cosmological scale are both finite [23, 24], rather than from
the usual Big Bang singularity of the standard cosmology. Then the inflation phase proceeds
naturally immediately after t = 0. This type of inflation has been recently studied in a
holographic braneworld scenario with an effective tachyon field on the brane [17]. In that
paper the first order cosmological perturbations have been calculated in an approximate
scheme in which the modification of Einstein equations were treated as an approximate
modification of the effective energy momentum tensor at the boundary. Here we study the
complete first-order perturbation theory on the holographic brane with field equations on the
brane modified due to the dual conformal theory on the AdS boundary. Besides, we assume
the presence of additional matter on the brane represented by a general k-essence field theory
[25, 26]. The term k-essence denotes a fluid described by a field theory with Lagrangian that
is a general function of the field and its kinetic term. This form of field theory, which includes
a canonical scalar field as a special case, was first explored as a generalized scalar field model
of inflation [27, 28], with speed of sound being a nontrivial function of the field.
The remainder of the paper is organized as follows. In Sec. 2 we introduce the effective
Einstein equations on the holographic boundary from which we derive the corresponding
Friedmann equation. In Sec. 3 we study the primordial scalar and tensor perturbations and
calculate the power spectra and spectral indices.
2 Holographic Einstein equations and cosmology
A general asymptotically AdS5 metric in Fefferman-Graham coordinates is of the form [29]
ds2 = Gabdx
adxb =
ℓ2
z2
(
gµνdx
µdxν − dz2) , (1)
where the constant ℓ of dimension of length is the AdS curvature radius. We use the Latin
alphabet for 4+1 and the Greek alphabet for 3+1 spacetime indices and the metric sign
convention is (+−−−−). Near z = 0 the metric can be expanded as
gµν(z, x) = g
(0)
µν (x) + z
2g(2)µν (x) + z
4g(4)µν (x) + · · · . (2)
Then, the four-dimensional Einstein equations on the holographic boundary are [9, 15, 24]
Rµν − 1
2
Rg(0)µν = 8πGN(〈TCFTµν 〉+ Tµν), (3)
where R and Rµν are respectively the Ricci scalar and the Ricci tensor associated with
the metric g
(0)
µν . The Newton’s constant is related to the AdS curvature radius ℓ and five-
dimensional gravitational constant G5 as
GN =
2G5
ℓ
. (4)
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In the following analysis we shall consider GN and ℓ as fixed fundamental physical parameters
and G5 as a derived quantity.
In general, on the left-hand side of (3) there is a cosmological term Λg
(0)
µν related to the
brane tension and the AdS bulk cosmological constant [14, 15]. This term can be made small
or entirely removed by imposing the RS fine tuning condition [15] and if it were present
would be important for the late Universe cosmology and irrelevant for our early universe
considerations.
The AdS curvature radius ℓ is constrained by tests of Newton’s law at small distances. For
the Randall-Sundrum braneworld it has been shown [30] that for r ≫ ℓ the extra-dimension
effects strengthen Newton’s gravitational field by a factor 1 + O(ℓ2/r2). Table-top tests of
Newton’s laws [31] currently find no deviations of Newton’s potential at distances greater
than 0.1 mm yielding the upper bound on the AdS5 curvature ℓ < 0.1 mm or ℓ
−1 > 10−12
GeV.
The energy-momentum tensor Tµν describes matter on the brane. The vacuum expecta-
tion value 〈TCFTµν 〉 can be obtained in terms of the quantities g(2n)µν related to the bulk metric
[9]
〈TCFTµν 〉 = −
ℓ2
2πGN
{
g(4)µν −
1
8
[
(Trg(2))2 − Tr(g(2))2] g(0)µν − 12(g(2))2µν + 14Trg(2)g(2)µν
}
. (5)
Here
g(2)µν =
1
2
(
Rµν − 1
6
Rg(0)µν
)
(6)
and, if the bulk is conformally flat such as a pure AdS5 with no black hole,
g(4)µν =
1
4
(g(2))2µν ≡
1
4
g(2)µρ g
(0)ρσg(2)σν . (7)
Then
〈TCFTµν 〉 = −
ℓ2
32πGN
[
2
3
RRµν −RµρRρν + 1
4
(
2RαβR
αβ − R2) g(0)µν
]
. (8)
From (3) and (8) we obtain the holographic Einstein equations
Rµν − 1
2
Rg(0)µν +
ℓ2
4
[
2
3
RRµν −RµρRρν + 1
4
(
2RαβR
αβ − R2) g(0)µν
]
= 8πGNTµν . (9)
Now we consider the consequences of this scenario for cosmology. To this end, we specify
the boundary metric to have a Friedmann-Robertson-Walker (FRW) form
ds2 = g(0)µν dx
µdxν = dt2 − a2(t)dΩ2k. (10)
where
dΩ2k = dχ
2 +
sin2(
√
kχ)
k
(dϑ2 + sin2 ϑdϕ2) (11)
is the spatial line element for a closed (k = 1), open hyperbolic (k = −1), or open flat
(k = 0) space. Next, we assume
T µν = diag(ρ,−p,−p,−p) (12)
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and using the effective Einstein equations (9) we obtain the holographic Friedmann equations
[14, 15]
H2 +
k
a2
− ℓ
2
4
(
H2 +
k
a2
)2
=
8πGN
3
ρ, (13)
(
H˙ − k
a2
)[
1− ℓ
2
2
(
H2 +
k
a2
)]
= −4πGN(p+ ρ). (14)
Equations (13) and (14) imply
ρ˙+ 3H(p+ ρ) = 0, (15)
which also follows from energy-momentum conservation T µν ;ν = 0.
3 Perturbations in the holographic cosmology
Here we derive the spectra of the cosmological perturbations for the holographic cosmology
with matter in the form of general k-essence. We shall closely follow J. Garriga and V.
F. Mukhanov [28] and adjust their formalism to account for the Holographic cosmological
perturbations.
3.1 Background equations
In the following we consider a spatially flat background with Friedmann equations (13) and
(14). The beginning of inflation is characterized by the so called slow-roll regime with slow-
roll parameters satisfying εi ≪ 1. We use the following recursive definition of the slow roll
parameters [32, 33]
εi+1 =
ε˙i
Hεi
, (16)
starting with
ε1 = − H˙
H2
. (17)
Next we assume that apart from the conformal field there is matter on the holographic
brane described by a general k-essence Lagrangian L = L(X, θ) where the kinetic term X is
defined as
X ≡ gµνθ,µθ,ν . (18)
Using the usual prescription, the pressure p and energy energy density ρ are given by
p = L, ρ = 2XL,X −L, (19)
where the subscript , X denotes a partial derivative with respect toX. The energy-momentum
tensor is then given by
Tµν = (p+ ρ)uµuν − pgµν , (20)
where
uµ =
θ,µ√
X
. (21)
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3.2 Scalar perturbations and power spectrum
Assuming a spatially flat background with line element (10) with k = 0, we introduce the
perturbed line element in the Newtonian gauge
ds2 = (1 + 2Ψ)dt2 − (1− 2Φ)a2(t)(dr2 + r2dΩ2). (22)
Inserting the above metric components in the field equations (9) we obtain
2
a2
(
1− ℓ
2
2
H2
)(∇2Φ− 3a2H(Φ˙ +HΨ)) = 8πGNδT 00 (23)
2
(
1− ℓ
2
2
H2
)
∂i(Φ˙ +HΨ) = 8πGNδT
0
i (24)
−2
[
Φ¨ +H(Ψ˙ + 3Φ˙) + Ψ(3H2 + 2H˙) +
1
2a2
∇2(Ψ− Φ)
]
δij + ℓ
2
[
H2Φ¨ + (3H3 + 2HH˙)Φ˙
+H3Ψ˙ + (3H4 + 4H2H˙)Ψ− 1
6a2
(3H2 + 5H˙)∇2Φ + 1
6a2
(3H2 + H˙)∇2Ψ
]
δij
− 1
a2
∂i∂j(Φ−Ψ) + ℓ
2
2a2
(H2 + H˙)∂i∂j(Φ−Ψ) = 8πGNδT ij . (25)
For a perfect fluid we have
δT 00 = δρ (26)
δT 0i = (ρ+ p)δui, (27)
δT ij = −δijδp (28)
Then, from the off-diagonal part of (25)(
1− ℓ
2
2
(H2 + H˙)
)
∂i∂j(Φ−Ψ) = 0 (29)
we read off the slip parameter
η ≡ Φk
Ψk
= 1, (30)
as in GR. Hence, in the following we can work in longitudinal gauge with Ψ = Φ.
Now, the procedure described in Ref. [28] (see also the appendix of [17] for more details)
can be applied, keeping in mind that the background evolution is governed by Eqs. (13) and
(14) with k = 0. The relevant Einstein equations at linear order are given by
a−2∇2Φ− 3HΦ˙ + 3H2Φ = 4πGNδT 00 (1− h2/2)−1, (31)
(Φ˙ +HΦ),i = 4πGNδT
0
i (1− h2/2)−1, (32)
5
where we have abbreviated
h ≡ ℓH. (33)
The perturbations of the stress tensor components δT µν are induced by the perturbations
of the scalar field θ(t, x) = θ(t) + δθ(t, x). Using the energy momentum conservation (15)
and the definition (18) of X one finds
δT 00 =
p + ρ
c2s
[(
δθ
θ˙
).
− Φ
]
− 3H(p+ ρ)δθ
θ˙
. (34)
δT 0i = (p+ ρ)
(
δθ
θ˙
)
,i
, (35)
where the adiabatic sound speed cs is defined by
c2s ≡
∂p
∂ρ
∣∣∣∣
θ
=
p,X
ρ,X
=
p,X
p,X + 2Xp,XX
=
p+ ρ
2Xρ,X
. (36)
In the slow roll regime the sound speed deviates slightly from unity and may be expressed
in terms of slow-roll parameters. First, by making use of the definition (17) and modified
Friedmann equations (13) and (14) with (19), we can express the variable X in the slow roll
regime as
X = − 2p(2− h
2)
3p,X(4− h2)ε1 +O(ε
2
i ), (37)
Then from (36) we find
c2s = 1 +
4(2− h2)
3(4− h2)
pp,XX
p2,X
ε1 +O(ε2i ). (38)
For example, in the tachyon model with Lagrangian L = −V√1−X one finds [17]
c2s = 1−
4(2− h2)
3(4− h2)ε1 +O(ε
2
i ). (39)
Using (34) and (35) equations (31) and (32) take the form(
δθ
θ˙
).
= Φ +
c2s
4πGNa2(p˜+ ρ˜)
∇2Φ, (40)
(aΦ). = 4πGNa(p˜ + ρ˜)
δθ
θ˙
, (41)
where we have defined
p˜+ ρ˜ = (p+ ρ)(1− h2/2)−1. (42)
So far we have not used the modified Friedmann cosmology so equations (40) and (41)
will coincide with those derived in [28] if p+ ρ in [28] is replaced by p˜+ ρ˜. We now use the
equation
H˙ = −4πGN(p˜+ ρ˜). (43)
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which follows from (14). As in Ref. [28], we introduce new functions
ξ =
aΦ
4πGNH
, ζ = Φ +H
δθ
θ˙
. (44)
The quantity ζ is gauge invariant and measures the spatial curvature of comoving (or
constant-θ) hyper-surfaces. Substituting the definitions (44) into (40) and (41) and using
(43) we find
aξ˙ = z2c2sζ, (45)
aζ˙ = z−2∇2ξ, (46)
where
z =
a(p˜+ ρ˜)1/2
csH
=
a
cs
√
ε1
4πGN
. (47)
Here we have used the definition (17) of the slow roll parameter ε1. Equations (45) and (46)
with (47) are identical to those obtained in the standard k-inflation [28].
Note that the only change in Eqs. (45) and (46) compared with those in Ref. [28] comes
from the factor 1 − h2/2 that multiplies ρ + p inside z per Eq. (47). However, this factor
is absorbed into ε1 due to Eq. (43). As a result, the second equality in Eq. (47) is exactly
the same as in Ref. [28]. This feature is due to the fact that the factor 1− h2/2 appears on
the right-hand side of the perturbation equations (45) and (46) in the same way as in the
background evolution equation (43). In contrast, in Ref. [17], where an approximate scheme
was used, the expression for z as a function of ε1, explicitly contains the factor 1 − h2/2,
thus leading to different equations than those of Ref. [28].
By introducing the conformal time τ =
∫
dt/a and a new variable v = zζ , it is straight-
forward to show from equations (45) and (46) that v satisfies a second order differential
equation
v′′ − c2s∇2v −
z′′
z
v = 0, (48)
where the primes denote derivatives with respect to τ . By making use of the Fourier trans-
formation, we also obtain the mode-function equation
v′′q +
(
c2sq
2 − z
′′
z
)
vq = 0. (49)
As we are looking for a solution to this equation in the slow-roll regime, it is useful to express
the quantity z′′/z in terms of slow-roll parameters εi. In the slow-roll regime one can use
the relation [34]
τ = −1 + ε1
aH
+O(ε21), (50)
which follows from the definition (17) expressed in terms of the conformal time. At linear
order in εi we find
z′′
z
=
ν2 − 1/4
τ 2
, (51)
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where
ν2 =
9
4
+ 3ε1 +
3
2
ε2. (52)
We look for a solution to (49) which satisfies the positive frequency asymptotic limit
lim
τ→−∞
vq =
e−icsqτ√
2csq
. (53)
Then the solution which up to a phase agrees with (53) is
vq =
√
π
2
(−τ)1/2H(1)ν (−csqτ), (54)
where H
(1)
ν is the Hankel function of the first kind of rank ν.
Applying the standard canonical quantization [35] the field vq is promoted to an operator
and the power spectrum of the field ζq = vq/z is obtained from the two-point correlation
function
〈ζˆqζˆq′〉 = 〈vˆqvˆq′〉/z2 = (2π)3δ(q + q′)|ζq|2. (55)
The spectral density
PS(q) = q
3
2π2
|ζq|2 = q
3
2π2z2
|vq|2, (56)
with vq given by (54), characterizes the primordial scalar fluctuations.
Next, we evaluate the scalar spectral density at the horizon crossing, i.e., for a wave-
number satisfying q = aH . Following Refs. [33, 36] we make use of the expansion of the
Hankel function for csqτ ≪ 1,
H(1)ν (−csqτ) ≃ −
i
π
Γ(ν)
(−csqτ
2
)
−ν
, (57)
where the conformal time τ < 0 and q is the comoving wave number. Using this we find at
the lowest order in ε1 and ε2
PS ≃ GNH
2
πcsε1
[1− 2 (1 + C) ε1 − Cε2] , (58)
where C = γ − 2 + ln 2 ≃ −0.73 and γ is the Euler constant, so we recover the standard
expression [33, 36]. However, it should be stressed that the relation between the sound speed
and εi is not the usual one, as shown in Eq. (38). Hence, in our case the contribution of the
sound speed will be altered in comparison with the standard result.
3.3 Tensor perturbations
The tensor perturbations are related to the production of gravitational waves during inflation.
The metric perturbation is, in this case, written as
ds2 = dt2 − a2(t) (δij + hij) dxidxj , (59)
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where hij is traceless and transverse. Inserting the metric components in the field equations
(9) we obtain (
1− ℓ
2
2
(H2 + H˙)
)(
h¨ij + 3Hh˙ij − 1
a2
∇2hij
)
= 8πGNδTij . (60)
In the absence of anisotropic stress, the gravitational waves are decoupled from matter and
the right-hand side of the above equation is zero. Hence, our braneworld scenario does
not introduce changes to the gravitational waves dynamics. The spectral density which
characterizes the primordial tensor fluctuations, in the approximation qτ ≪ 1, is given by
PT ≃ 16GNH
2
π
[1− 2 (1 + C) ε1] . (61)
Hence, the tensor perturbation spectrum is given by the usual expression [34] in the same
way as our scalar spectrum PS.
3.4 Scalar spectral index and tensor to scalar ratio
The scalar spectral index nS and tensor to scalar ratio r are given by
nS − 1 = d lnPS
d ln q
≃ 1
H(1− ε1)
d lnPS
dt
, (62)
r =
PT
PS , (63)
where PS and PT are evaluated at the horizon crossing with q = aH . From (58) and (61)
keeping the terms up to the quadratic order in εi we obtain
r = 16ε1
[
1 + Cε2 +
2(2− h2)
3(4− h2)
pp,XX
p2,X
ε1
]
(64)
and
ns = 1− 2ε1 − ε2 −
(
2 +
8h2
3(4− h2)2
pp,XX
p2,X
)
ε21
−
(
3 + 2C +
2(2− h2)
3(4− h2)
pp,XX
p2,X
)
ε1ε2 − Cε2ε3. (65)
Note that our results at linear order in εi agree with the standard scalar field inflation as
well as with the general k-essence inflation [36]. At quadratic order the standard k-inflation
results are recovered in the limit ℓ → 0 (h → 0). For example, if we specify the k-essence
Lagrangian to the tachyon, in the limit ℓ → 0 we recover the standard tachyon inflation
(e.g., compare with Ref. [33]).
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4 Summary and conclusions
We have studied the early cosmology on the holographic brane where the effective Einstein
equations are modified due to the dual conformal theory on the AdS boundary. We have
developed the complete perturbation theory at linear order for gravity on the holographic
brane together with a general k-essence field.
We have derived the scalar and tensor power spectra up to the second order in the slow-
roll parameter expansion and calculated the scalar spectral index ns and scalar to tensor
ratio r. We have found that the expressions for both the scalar and tensor power spectra
have the same form as those in the standard k-inflation. However, the functional dependence
of the sound speed on the slow-roll parameters is altered and, as a result, the second order
terms in the slow-roll parameter expansion of ns and r are modified compared to those in
the standard k-inflation, as shown in Eqs. (64) and (65).
It would be of considerable interest to investigate the holographic inflation for a particular
k-essence model or any other interesting model with a nontrivial sound speed. However, this
would go beyond the scope of the present paper as our purpose here is to show how the
holographic braneworld scenario affects inflation driven by a general k-essence.
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